Set-Valued α-Almost Convex Mappings  by Llorens-Fuster, E.
Ž .Journal of Mathematical Analysis and Applications 233, 698]712 1999
Article ID jmaa.1999.6330, available online at http:rrwww.idealibrary.com on
Set-Valued a-Almost Convex Mappings
E. Llorens-Fuster
Dept. Analisis Matematico, Facultad de Matematicas, 46100 Burjassot, Valencia, SpainÂ Â Â
Submitted by William Art Kirk
Received October 2, 1998
1. INTRODUCTION
w x Ž .In reference 6 , the authors defined a class of single-valued mappings
called a-almost con¤ex mappings. The aim of this article is to extend this
definition to the set-valued case, in order to obtain some fixed-point
theorems for such mappings.
Ž .The class of single-valued a-almost convex mappings includes among
many others, strict contractions, and in uniformly convex Banach spaces,
all nonexpansive mappings. Roughly speaking, such maps may be described
as those T for which the associate ``displacement,'' i.e., the nonlinear
Ž . Ž Ž ..real-valued functional J x [ dist x, T x is ``almost'' convex. AmongT
other properties, a-almost convex mappings defined on weakly compact
convex sets have fixed points whenever they have points with arbitrarily
small displacement.
One can find, in the literature, articles concerning convexity criteria for
Žset-valued mappings T between two Banach spaces see, for example, Sach
w x. Ž .and Yen 16 , but this convexity usually refers to the sets T x . Here we
are mainly concerned with some kind of convexity of the function J .T
w x w x w xKo 9 , Downing and Kirk 4 , Yanagi 17 , and others, give fixed point
theorems in the set-valued case based upon the con¤exity or the semicon-
¤exity of the set-valued mappings. We will show that an assumption often
Ž .used by these authors the semiconvexity of the map I y T implies that T
w xis a-almost convex. A particular result of 9 is improved here, and another
one can be seen as a direct corollary of the main theorem of these notes.
Nevertheless, the results given here often work in a different setting than
the metric spaces used by the previously cited authors. This is mainly
Ž .because for us the convexity assumption and hence the linear structure
cannot be removed.
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On the other hand the last section is devoted to obtaining sufficient
conditions which ensure that a set-valued mapping has stationary points.
2. PRELIMINARIES
If C is a nonempty closed convex subset of a Banach space X, by a
Ž .set-valued mapping we usually understand a map T : C “ BC X , where
Ž .BC X is the set of all nonempty bounded and closed subsets of X.
Ž .Recall that on BC X one can define the Hausdorff metric H induced
Ž .by the norm of X in the following way. For A, B g BC X ,
H A , B [ max b A , B , b B , A , 4Ž . Ž . Ž .
where
b A , B [ sup dist a, B : a g A . 4Ž . Ž .
Ž Ž . .It is well known that BC X , H is a complete metric space.
Ž .Given a set-valued mapping T : C “ BC X , we can consider the
associate functions J : C “ R and H : C “ R, respectively, defined byT T
5 5  4J x [ dist x , T x s inf x y y : y g T x s b x , T x , 4Ž . Ž . Ž . Ž .Ž . Ž .T
and
5 5 4  4H x [ H x , T x s b T x , x s sup x y y : y g T x . 4Ž . Ž . Ž . Ž .Ž . Ž .T
Ž .Notice that, since the set T x is closed for every x g C, one finds that
Ž . Ž .J x s 0 if and only if x g T x , i.e., if x is a fixed point of T. Moreover,T
Ž . Ž . Ž .  4 Ž .if diam T x ) 0 then H x ) 0 and H x s 0 if and only if x s T x .T T
 4 Ž .A point x g C for which x s T x is often called a stationary point
Ž w x.see 1 .
Ž .If x, y g C, for the sake of economy we will write m x, y instead ofT
 Ž . Ž .4 Ž .  Ž . Ž .4max J x , J y , and M x, y instead of max H x , H y .T T T T T
q q Ž .For a continuous strictly increasing function a : R “ R with a 0 s 0
Ž .we say that the set-valued mapping T : C “ BC X is a-almost con¤ex if
w xfor all x, y g C and all l g 0, 1 we have
J l x q 1 y l y F a m x , y .Ž . Ž .Ž . Ž .T T
Although the above class of set-valued mappings seems to be the natural
generalization of the analogous concept for single-valued mappings, we
also will be concerned with another class of multivalued mappings.
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Ž .We say that the set-valued mapping T : C “ BC X is strongly a-almost
w xcon¤ex if for all x, y g C and all l g 0, 1 we have
H l x q 1 y l y F a M x , y .Ž . Ž .Ž . Ž .T T
Ž .When the previous definitions are fulfilled with a t s rt, for some r ) 0,
Ž .we will say that T is r-almost con¤ex resp. strongly r-almost con¤ex , and
Ž .simply refer to T as almost con¤ex strongly almost con¤ex , when r s 1.
Ž .As a particular case, if a mapping T : C “ BC X is a-almost convex
Ž . Ž .or strongly a-almost convex and the set T x is a singleton for all x g C,
then the corresponding mapping T : C “ C is a-almost convex in the
w xsense of 7 .
3. EXAMPLES
3.1. Semicon¤ex mappings
Ž 5 5.Let C be a convex subset of a Banach space X, ? . A mapping F:
Ž . Ž w x.C “ BC X is said to be con¤ex on C see 9 , if for any x, y g X,
w x Ž . Ž . Žl g 0, 1 , and any x g F x , y g F y , there exists z g T l x q1 1
Ž . .1 y l y so that
5 5 5 5 5 5z F l x q 1 y l y .Ž .1 1
Ž . Ž w x.A mapping F: C “ BC X is said to be semicon¤ex on C see 9, 17, 11 ,
w x Ž . Ž .if for any x, y g X, l g 0, 1 , and any x g F x , y g F y , there exists1 1
Ž Ž . .z g T l x q 1 y l y so that
5 5 5 5 5 5z F max x , y . 41 1
w xLemma 2 of 9 immediately yields the following
PROPOSITION 1. Let C be a bounded, closed, and con¤ex subset of X,
Ž .F: C “ BC X and let I: X “ X be the identity mapping. If I y F is
semicon¤ex, then F is almost con¤ex.
w xMoreover, Lemma 3 of the same work 9 furnishes a kind of converse of
Proposition 1, because it can be read as follows:
PROPOSITION 2. Under the same assumptions as Proposition 1, if F:
Ž .C “ BC X is compact-¤alued and almost con¤ex, then, I y F is a semi-
con¤ex mapping.
3.2. Contraction and Kannan type mappings
Ž . Ž .Let C, r be a metric space. A set-valued mapping T : C “ BC C has
a Lipschitz constant k ) 0 if for all x, y g C
H T x , T y F kr x , y .Ž . Ž . Ž .Ž .
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As in the single-valued case, T is called a contraction mapping if k - 1 and
w x w xT is said to be nonexpansi¤e if k s 1. Markin 12 and Nadler 13 proved
Ž .that every contraction mapping has a fixed point whenever C, r is
w x Ž wcomplete. Lim 10 , and many other authors see 7, 5, and the bibliography
x.cited therein have given fixed point results for nonexpansive set-valued
mappings, mainly for the compact-valued case.
w xIn 14, 15 , Reich gave some fixed point results about set-valued map-
Ž .pings T : C “ BC C satisfying the following condition:
Ž .a For all x, y g C,
H T x , T y F ar x , T x q br y , T y q cr x , y ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
where a, b, c are nonnegative and satisfy a q b q c - 1.
Â w xLater, Ciric 2 gave fixed point theorems for generalized multivaluedÂ
Ž .contractions, i.e., mappings T : C “ BC C for which there exists a
positive number q - 1 so that
Ž .b for all x, y g C,
H T x , T y F q max r x , y , r x , T x , r y , T y ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
1 r x , T y q r y , T x .Ž . Ž . 4Ž . Ž .Ž .2
w xDaffer and Kaneko 3 , also gave fixed point theorems for such general-
ized multivalued contractions.
Ž . Ž . Ž .It is clear that b « a take q s a q b q c , and that any contraction
Ž .satisfies inequality a .
As a significant class of a-almost convex multivalued mappings we will
consider the generalized multivalued contractions defined on a closed
convex bounded subset of a Banach space X. First we need to prove a
property of the Hausdorff metric:
LEMMA 1. Let C be a closed con¤ex subset of a Banach space X. Let
Ž .A, B g BC X , x, y g C, and l, m G 0. Then,
 4  4  4H l x q m y , l A q mB F lH x , A q mH y , B .Ž . Ž . Ž .
w xProof. See 8 , Corollary 1.18.
PROPOSITION 3. Let C be a bounded closed con¤ex subset of a Banach
Ž .space X. E¤ery multi¤alued generalized contraction T : C “ BC X is strongly
r-almost con¤ex.
Ž .Proof. Let T : C “ BC X be a multivalued generalized contraction
with respect to the metric d associated to the norm of X, and let x, y g C.
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First observe that
d x , Ty F d x , y q d y , Ty F d x , y q M x , yŽ . Ž . Ž . Ž . Ž .T
d y , Tx F d x , y q d x , Tx F d x , y q M x , y .Ž . Ž . Ž . Ž . Ž .T
Thus, we have
H Tx , Ty F q max d x , y , d x , T x , d y , T y ,Ž . Ž . Ž . Ž . Ž . Ž .
1 d x , T y q d y , T xŽ . Ž . 4Ž . Ž .Ž .2
F q max d x , y , d x , T x , d y , T y , Ž . Ž . Ž .Ž . Ž .
d x , y q M x , y 4Ž . Ž .T
s q d x , y q M x , y .Ž . Ž .Ž .T
Therefore, one has
 4  4d x , y s H x , yŽ . Ž .
 4  4F H x , T x q H T x , T y q H T y , yŽ . Ž . Ž . Ž .Ž . Ž . Ž .
F 2 M x , y q q d x , y q M x , y .Ž . Ž . Ž .Ž .T T
Thus,
2 q q
d x , y F M x , y .Ž . Ž .T1 y q
w x Ž .Given l g 0, 1 , let m [ l x q 1 y l y. Applying Lemma 1 together
with the last inequalities one has
 4H m F lH x , T x q lH T x , T mŽ . Ž . Ž . Ž .Ž . Ž .T
 4q 1 y l H y , T y q 1 y l H T y , T mŽ . Ž . Ž . Ž . Ž .Ž . Ž .
F M x , y q l qd x , m q qM x , mŽ . Ž . Ž .T T
q 1 y l qd y , m q M y , mŽ . Ž . Ž .. T
s M x , y q lq 1 y l d x , y q lqM x , mŽ . Ž . Ž . Ž .T T
q 1 y l qld x , y q 1 y l qM x , yŽ . Ž . Ž . Ž .T
q
F M x , y q d x , y q lq max H x , H m 4Ž . Ž . Ž . Ž .T T T4
q 1 y l q max H y , H m 4Ž . Ž . Ž .T T
q
F M x , y q d x , y q lqH x q lqH mŽ . Ž . Ž . Ž .T T T4
q 1 y l qH y q 1 y l qH mŽ . Ž . Ž . Ž .T T
q
F M x , y q d x , y q lqM x , y q qH m .Ž . Ž . Ž . Ž .T T T4
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It follows that
q
1 y q H m F 1 q q M x , y q d x , yŽ . Ž . Ž . Ž . Ž .T T 4
q 2 q q
F 1 q q M x , y q M x , y ,Ž . Ž . Ž .T T4 1 y q
and then
q 2 q q
H m F 1 q M x , y .Ž . Ž .T T24 1 y qŽ .
1Ž . .Here we have used the inequality l 1 y l F .4
COROLLARY 1. Let C be a nonempty closed con¤ex of a Banach space X.
Ž .If for all x, y g C the mapping T : C “ BC X satisfies for all x, y g C the
Kannan type condition,
H T x , T y F ad x , T x q bd y , T y q cd x , y ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
where a, b, c are nonnegati¤e with a q b q c - 1, then T is strongly r-almost
con¤ex. In particular, if a s b s 0 we find that any contraction mapping is
strongly r-almost con¤ex.
3.3. Alternati¤e Principles
As in the single-valued case one has the following elementary obser-
vations:
Ž . Ž .1 If C is a closed bounded convex set, C C is the set of all
Ž .nonempty closed subsets of C, and T : C “ BC C , then at least one of
the following applies.
Ž .i T is r-almost convex, for some r ) 0, or
Ž .  Ž . 4ii inf J x : x g C s 0.T
Proof. If T is not r-almost convex for any r ) 0, then for each n g N,
taking r s n, we see that there must exist points x and y in C andn n
w xl g 0, 1 such thatn
diam C G J l x q 1 y l y G n max J x , J y , 4Ž . Ž . Ž .Ž .T n n n n T n T n
Ž . Ž .so J x and J y tend to 0 as n “ ‘.T n T n
With the same argument one also can prove the following statement
Ž . Ž .2 If C is a closed bounded convex set, and T : C “ C C , then at
least one of the following applies.
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Ž .i T is strongly r-almost convex, for some r ) 0, or
Ž .  Ž . 4ii inf H x : x g C s 0.T
These alternative principles furnish straightforward examples of set-val-
ued r-almost convex mappings.
3.3.1
Let B be the closed unit ball in R2. Let 0 - r - 1 be fixed, and let
Ž .T : B “ C B given by
w xT x [ S x , r l B ,Ž .
w x  2 5 5 4where S x, r s y g R : x y y s r . It is straightforward to compute
that
 4r s dist x , T x s H x , T xŽ . Ž .Ž . Ž .
Ž . Ž .for all x g B. Hence J x s H x ’ r, and this set-valued mapping isT T
almost convex. Of course, T is fixed point free.
Also, one can easily see that every set-valued mapping T with closed
Ž Ž ..bounded and convex domain C, and with diam T x G d ) 0 for all
x g C, is strongly r-almost convex for some r ) 0.
3.3.2
w x Žw x.For the mapping T : 0, 1 “ C 0, 1 given by
1 10, 0 F x F2 2
T x [Ž . 1 1½ , 1 - x F 12 2
1Ž . Ž .we have J x ’ 0 while an easy calculation shows that H x G for allT T 4
w x Ž .x g 0, 1 . Thus, from statement 2 above, we conclude that T is strongly
r-almost convex. Notice that the real function H is continuous.T
4. FIXED POINT RESULTS
The main feature of the fixed point theorem for continuous single
w xvalued mappings given in 6 is that it is proved in terms of the function
Ž .J x . Thus, one can expect that the analogous result for set-valuedT
mappings holds, if it is adapted as follows:
THEOREM 1. Let X be a Banach space. Let C be a weakly compact
Ž .con¤ex subset of X. If an a-almost con¤ex mapping T : C “ BC X satis-
fies:
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Ž . Ži The real function J is lower semicontinuous on C. That is, forT
 Ž . 4 .each real number b the set x g C : J x ) b is open , andT
Ž .  Ž . 4ii inf J x : x g C s 0,T
Ž .then there exists x g C for which J x s 0, i.e., there exists a fixed point of0 T 0
T in C.
Proof. The proof follows step by step the one given in Proposition 3.1
w xof 6 .
Ž . Ž . Ž .From ii there exists x in C with J x “ 0. Since C is weaklyn T n
wcompact we can suppose that x ' x g C. We may assume without lossn 0
of generality that
J x ) 0,Ž .T n
Ž .for all positive integers n otherwise the theorem is proved .
Fix e ) 0. Since J is lower semicontinuous in C, the set y g C:T
Ž . Ž . 4 Ž .  Ž .J y ) J x y er2 is relatively open. As x g y g C: J y )T T 0 0 T
Ž . 4J x y er2 , there exists d ) 0 so thatT 0
J y ) J x y er2Ž . Ž .T T 0
5 5whenever y g C and y y x - d .0
Ž .On the other hand, since a is continuous at 0 and a 0 s 0, there exists
a positive integer n so that1
0 - a J x - er2.Ž .Ž .T n1
Ž . Ž Ž ..As J x “ 0 and a J x “ 0, there exists n ) n so thatT n T n 2 1
0 - J x - min J x , a J xŽ . Ž . Ž .Ž .½ 5T n T n T n2 1 1
and
0 - a J x - min J x , a J x .Ž . Ž . Ž .Ž . Ž .½ 5T n T n T n2 1 1
Ž . Ž .Thus, by induction we can get a subsequence x of x satisfyingn nk
0 - J x - min J x , a J xŽ . Ž . Ž .Ž .½ 5T n T n T nkq 1 k k
and
0 - a J x - min J x , a J x .Ž . Ž . Ž .Ž . Ž .½ 5T n T n T nkq 1 k k
for all positive integers k.
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We assert that if m G 2 and Ým l x is a convex combination of theks1 k nk
vectors x , x , . . . , x thenn n n1 2 m
m
J l x F a J x .Ž .Ž .ÝT k n T nk 1ž /
ks1
Indeed, for m s 2 we have
J l x q l x F a max J x , J x s a J x .Ž . Ž . Ž . 4Ž . Ž .ž /T 1 n 2 n T n T n T n1 2 1 2 1
If we suppose that the assertion is true for k s m y 1, then
m m
J l x s J l x q 1 y l l r 1 y l xŽ . Ž .Ž .Ý ÝT k n T 1 n 1 k 1 nk 1 kž / ž /
ks1 ks2
m
F a max J x , J l r 1 y l xŽ . Ž .Ž .ÝT n T k 1 n1 k½ 5ž /ž /
ks2
F a max J x , a J x s a J x .Ž . Ž . Ž .Ž . Ž .½ 5ž /T n T n T n1 2 1
To complete the proof we need only observe that by Mazur's theorem,
there exists a convex combination Ým l x so thatks1 k nk
m
l x y x - d ,Ý k n 0k
ks1
and then
m e
J l x ) J x y .Ž .ÝT k n 0kž / 2ks1
Therefore,
m e e
J x - J l x q F a J x q - e ,Ž . Ž .Ž .ÝT 0 T k n T nk 1ž / 2 2ks1
which concludes the proof.
Ž .Recall that a mapping F: C “ BC X is upper semicontinuous at
Ž . Ž .x g C u.s.c. for short if for any open set U containing F x , there exists0 0
Ž . Ž .a relative neighborhood V of x so that f y ; U for any y g V. The0
mapping F is said to be u.s.c. in C if it is u.s.c. at any x g C.
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For a-almost convex u.s.c. mappings the following result holds.
COROLLARY 2. Let X be a Banach space. Let C be a nonempty weakly
Ž .compact con¤ex subset of X. If T : C “ BC X is upper semicontinuous
 Ž .and a-almost con¤ex, then T has a fixed point in C whene¤er inf J x :T
4x g C s 0.
Žw x. Ž .Proof. It is well known 9, 4, Lemma 2 that if T : C “ BC X is
Ž .u.s.c., then J is lower semicontinuous; that is, T satisfies condition i ofT
Ž .  Ž . 4Theorem 1. Condition ii is just inf J x : x g C s 0.T
Ž w x.Remark. There exists a well-known example due to Alspach see 7 of
a fixed point free single-values nonexpansive self-mapping T of a weakly
1w xcompact convex subset K ; L 0, 1 . This mapping is u.s.c. and, of course,
 Ž . 4inf J x : x g K s 0. Hence the a-almost convexity of T in Corollary 2T
cannot be removed.
Ž w x .COROLLARY 3. Ko 9 , Theorem 1 . Let X be a Banach space. Let C be
Ž .a nonempty weakly compact con¤ex subset of X. If T : C “ BC X is upper
 Ž .semicontinuous, I y T is a semicon¤ex mapping on C, and inf J x :T
4x g C s 0, then T has a fixed point in C.
Proof. From Proposition 1, we know that if I y T is a semiconvex
mapping on C then T is almost convex, and then the conclusion follows
from Corollary 2.
If C is a nonempty, bounded closed convex subset of X and T :
Ž . Ž .C “ C C is nonexpansi¤e, then it verifies condition ii of Theorem 1
Žw x .9 , Lemma 5 .
Ž . Ž .Moreover, Hausdorff lipschitzian maps T : C “ BC X show that the
function J is lower semicontinuous. Exactly we have:T
Ž . Ž .PROPOSITION 4. Let X, d be metric space. If T : X “ BC X is k
lipschitzcian, then for any x, y g X,
< <J x y J y F k q 1 d x , y .Ž . Ž . Ž . Ž .T T
Ž Ž . .Hence the real ¤alued function J is continuous and lower semicontinuous.T
Žw x.Proof. Recall that 8, Theorem 1.15 if A, C are nonempty subsets
of X,
< <H A , C s sup d x , A y d x , C : x g X . 4Ž . Ž . Ž .
Thus, if x, y g X we have
< < < <J x y J y F d x , T x y d x , T yŽ . Ž . Ž . Ž .Ž . Ž .T T
< <q d x , T y y d y , T yŽ . Ž .Ž . Ž .
< <F H T x , T y q d x , T y y d y , T yŽ . Ž . Ž . Ž .Ž . Ž . Ž .
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< <F kd x , y q d x , T y y d y , T yŽ . Ž . Ž .Ž . Ž .
F kd x , y q d x , y s k q 1 d x , y .Ž . Ž . Ž . Ž .
Combining both properties of nonexpansive set-valued mappings with
Theorem 1, one can derive the following two results. Notice that the
Žw x.second result improves Theorem 2 of Ko 9 .
COROLLARY 4. Let X be a Banach space. Let C be a nonempty weakly
Ž .compact con¤ex subset of X. If T : C “ C C is nonexpansi¤e and a-almost
con¤ex, then T has a fixed point in C.
COROLLARY 5. Let X be a Banach space. Let C be a nonempty weakly
Ž .compact con¤ex subset of X. If T : C “ C C is nonexpansi¤e and I y T is
semicon¤ex, then T has a fixed point in C.
QUESTION. If the Banach space X is uniformly convex, then every
single-valued nonexpansive self-mapping of a weakly compact convex sub-
Ž w x.set C of X is a-almost convex see 6, Ex. 6a . One can ask if the same is
true in the set-valued case.
Ž .Given a mapping T : C “ BC C , a function c : C “ R is calledq
Ž w x. Ž .see 1 a weak entropy for T if for all x g C there exists y g T x so that
d x , y F c x y c y .Ž . Ž . Ž .
A mapping T which admits a weak entropy is often called weakly dis-
sipati¤e.
It is easy to see that for a weakly dissipative set-valued mapping T one
 Ž . 4 Ž .has inf J x : x g C s 0. Indeed, if x g C then there exists x g T xT 0 1 0
so that
0 F d x , x F c x y c x .Ž . Ž . Ž .0 1 0 1
Ž . Ž Ž ..We continue in this fashion to obtain a sequence x in C so that c xn n
is a nonincreasing sequence of nonnegative real numbers.
Hence, we have
J x F d x , x F c x y c x “ 0.Ž . Ž . Ž . Ž .T n n nq1 n nq1
Therefore we have proved the following
COROLLARY 6. Let X be a Banach space. Let C be a weakly compact
con¤ex subset of X. If an a-almost con¤ex weakly dissipati¤e mapping T :
Ž .C “ BC C is such that its associate real function J is lower semicontinu-T
Ž .ous on C, then there exists x g C for which J x s 0; i.e., there exists a0 T 0
fixed point of T in C.
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w xRemark. In 1 the authors have proved that any closed and weakly
dissipative set-valued mapping T has a fixed point whenever T is defined
on a complete metric space.
We observe that the conditions
Ž .a T is closed, and
Ž .b J is lower semicontinuousT
are independent.
w x Žw x.In fact, the mapping T : 0, 1 “ BC 0, 1 given by
10, x s 02
T x [Ž . 1½ 0 - x F 1 42
is closed, but the function
0 x s 0
J x sŽ . 1T ½ < <x y 0 - x F 12
is not lower semicontinuous.
w x Žw x.On the other hand the mapping T : 0, 1 “ BC 0, 1 given by
3 , 1 x s 04
T x [Ž . 1½ 0 - x F 1 42
is not closed, but the function
3 x s 04
J x sŽ .T 1½ < <x y 0 - x F 12
is lower semicontinuous.
5. STATIONARY POINTS
Replacing the function J by H in the proof of Theorem 1 we canT T
easily prove the following result.
THEOREM 2. Let X be a Banach space. Let C be a weakly compact
Ž .con¤ex subset of X. If a strongly a-almost con¤ex mapping T : C “ BC X
satisfies:
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.i9 The real function H is lower semicontinuous on C, andT
.  Ž . 4ii9 inf H x : x g C s 0,T
Ž .then there exists x g C for which H x s 0; i.e., there exists a T-stationary0 T 0
point x g C.0
Ž .If T is nonexpansive, or k lipschitzcian, then it verifies i9 , and we have
the following result.
COROLLARY 7. Let X be a Banach space. Let C be a nonempty weakly
Ž .compact con¤ex subset of X. If T : C “ BC X is k-lipschitzian and strongly
 Ž .a-almost con¤ex, then T has a stationary point in C whene¤er inf H x :T
4x g C s 0.
Proof. If x, y g C then we have
< < < < 4  4H x y H y F H x , T x y H x , T yŽ . Ž . Ž . Ž .Ž . Ž .T T
< < 4  4q H x , T y y H y , T yŽ . Ž .Ž . Ž .
 4  4F H T x , T y q H x , yŽ . Ž .Ž . Ž .
F k q 1 d x , y .Ž . Ž .
Ž .Thus, H is uniformly continuous and hence it verifies i9 .T
Remarks. 1. Every contractive mapping T defined on a closed convex
bounded subset C of a Banach space is strongly r-almost convex, and the
real valued function H is lower semicontinuous. Nevertheless, conditionT
Ž .ii9 of Theorem 1 is not generally fulfilled for such a contraction as they
do not need to have stationary points. For example, we can consider the
1Ž . Ž . Ž .mapping T x ’ C. This is obviously a contraction but H x G diam C .T 2
2. Again the Alspach's map which we quoted previously verifies
Ž . Ž .conditions i9 and ii9 . It maps a weakly compact convex into itself and it
is compact-convex valued. Hence, the strong a-almost convexity of T in
Corollary 7 cannot be removed.
Ž .3. Although condition ii9 is quite strong, Theorem 2 deals with
mappings which are not necessarily compact-con¤ex ¤alued. Moreover the
existence of a stationary point is a highly desirable property for a multival-
ued mapping.
With this in mind we determine a class of set-valued mappings satisfy-
Ž .ing ii9 .
Ž .Given a mapping T : C “ BC C , a function c : C “ R is calledq
Ž w x. Ž .see 1 an entropy for T if for all x g C and for all y g T x
d x , y F c x y c y .Ž . Ž . Ž .
If the mapping T admits an entropy it is often called dissipati¤e.
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 Ž .LEMMA 2. For a dissipati¤e set-¤alued mapping T we ha¤e inf H x :T
4x g C s 0.
Proof. Let c be an entropy for T. Since c is nonnegative, s [
 Ž . 4inf c x : x g C G 0. Given « ) 0 there exists x g C for which0
s F c x - s q « .Ž .0
Ž .If y g T x ,0
d x , y F c x y c y F s q « y s s « .Ž . Ž . Ž .0 0
Hence
H x s sup d x , y : y g T x F « . 4Ž . Ž . Ž .T 0 0 0
Therefore we have proved the following corollary
COROLLARY 8. Let X be a Banach space. Let C be a weakly compact
Ž .con¤ex subset of X. If a strongly a-almost con¤ex mapping T : C “ BC C
is dissipati¤e and the real function H is lower semicontinuous on C, thenT
Ž .there exists x g C for which H x s 0; i.e., there exists a stationary point0 T 0
of T in C.
Žw x .Remark. In 1 , Th. 4.9, 4.10, 4.11 , the authors prove that dissipative
set-valued mappings T which satisfy some additional assumptions have
stationary points whenever they are defined on a complete metric space.
Ž .These assumptions seem to be different from i9 .
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